By using the weakly commutative and weakly compatible conditions of self-mapping pairs, we prove some new common fixed point theorems for six self-mappings in the framework of generalized metric spaces. An example is provided to support our result. The results presented in this paper generalize the well-known comparable results in the literature due to Abbas, Nazir, Saadati, Mustafa, and Sims.
Introduction and Preliminaries
The study of fixed points of mappings satisfying certain conditions has been at the center of vigorous research activity. In 2006, Mustafa and Sims 1 introduced a new structure of generalized metric spaces, which are called G-metric spaces as follows. Definition 1.1 see 1 . Let X be a nonempty set and let G : X × X × X → R be a function satisfying the following properties:
0 if x y z;
Abstract and Applied Analysis
Proof. Suppose that mappings f, g, h, A, B, and C satisfy condition 2.1 . Let x 0 in X be arbitrary point, since f X ⊂ B X , g X ⊂ C X , h X ⊂ A X , there exist the sequences {x n } and {y n } in X such that y 3n fx 3n Bx 3n 1 , y 3n 1 gx 3n 1 Cx 3n 2 , y 3n 2 hx 3n 2 Ax 3n 3 , 2.3
for n 0, 1, 2, . . .. If y n y n 1 for some n, with n 3m, then p x 3m 1 is a coincidence point of the pair g, B ; if y n 1 y n 2 for some n, with n 3m, then p x 3m 2 is a coincidence point of the pair h, C ; if y n 2 y n 3 for some n, with n 3m, then p x 3m 3 is a coincidence point of the pair f, A . Without loss of generality, we can assume that y n / y n 1 for all n 0, 1, 2 . . .. Now we prove that {y n } is a G-cauchy sequence in X. Actually, using the condition 2.1 and G 3 , we have Therefore, for all n, m ∈ N, n < m, by G 3 and G 5 we have
2.9
Hence {y n } is a G-cauchy sequence in X, since X is complete G-metric space, there exists a point u ∈ X such that y n → u n → ∞ . Since the sequences {fx 3n } {Bx 3n 1 }, {gx 3n 1 } {Cx 3n 2 }, and {hx 3n−1 } {Ax 3n } are all subsequences of {y n }, then they all converge to u, that is,
Now we prove that u is a common fixed point of f, g, h, A, B, and C under the condition a .
First, we suppose that A is continuous, the pair f, A is weakly commutative, the pairs g, B and h, C are weakly compatible.
Step 1. We prove that u fu Au. By 2.10 and weakly commutativity of mapping pair f, A , we have
From the condition 2.1 , we get
2.14
Letting n → ∞, we have
From the Proposition 1.12 iii , we get
Hence, G fu, u, u 0 and fu u, since 0 ≤ k < 1/3. So we have u Au fu.
Step 2. We prove that u gu Bu.
Since f X ⊂ B X and u fu ∈ f X , there is a point v ∈ X such that u fu Bv. Again by using condition 2.1 , we have
Letting n → ∞, using u Au fu and the Proposition 1.12 iii , we obtain Letting n → ∞, using u Au fu, gu Bu and the Proposition 1.12 iii , we have
Hence, G u, gu, u 0 and so u gu Bu, since 0 ≤ k < 1/3. So we have u gu Bu.
Step 3. We prove that u hu Cu.
Since g X ⊂ C X and u gu ∈ g X , there is a point w ∈ X such that u gu Cw. Again by using condition 2.1 , we have
Using u Au fu, u gu Bu Cw and the Proposition 1.12 iii , we obtain G u, u, hw ≤ kG u, hw, hw ≤ 2kG u, u, hw .
2.23
Hence, G u, u, hw 0 and so hw u Cw, since 0 ≤ k < 1/3. Since the pair h, C is weakly compatible, we have hu hCw Chw Cu.
2.24
Again by using condition 2.1 , we have
Using u Au fu, u gu Bu, Cu hu and the Proposition 1.12 iii , we have
Hence, G u, u, hu 0 and so u hu Cu, since 0 ≤ k < 1/3. Therefore, u is the common fixed point of f, g, h, A, B, and C when A is continuous and the pair f, A is weakly commutative, the pairs g, B and h, C are weakly compatible.
Next, we suppose that f is continuous, the pair f, A is weakly commutative, the pairs g, B and h, C are weakly compatible.
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Step 1. We prove that u fu. By 2.10 and weak commutativity of mapping pair f, A , we have
Since f is continuous, then f 2 x 3n → fu n → ∞ , fAx 3n → fu n → ∞ . By 2.10 , we know that Afx 3n → fu n → ∞ .
From the condition 2.1 , we have
Example 2.2. Let X 0, 1 , and let X, G be a G-metric space defined by G x, y, z |x − y| |y − z| |z − x| for all x, y, and z in X. Let f, g, h, A, B, and C be self-mappings defined by
2.44
Note that A is G-continuous in X, and f, g, h, B, and C are not G-continuous in X.
Clearly we can get f X ⊂ B X , g X ⊂ C X , and h X ⊂ A X . Actually, since fX {7/8, 1}, BX {0, 7/8, 1}, gX {7/8, 10/11}, CX {7/8, 10/11, 1}, hX {7/8, 9/10}, and AX X 0, 1 , so we know f X ⊂ B X , g X ⊂ C X , and h X ⊂ A X .
By the definition of the mappings of f and A, for all x ∈ 0, 1 , G fAx, Afx, Afx G fx, fx, fx 0 ≤ G fx, Ax, Ax , so we can get the pair f, A is weakly commuting. By the definition of the mappings of g and B, only for x ∈ 1/2, 1 , gx Bx 7/8, at this time gBx g 7/8
7/8 B 7/8 Bgx, so gBx Bgx, so we can obtain that the pair g, B is weakly compatible. Similarly, we can show that the pair h, C is also weakly compatible. Now we proof that the mappings f, g, h, A, B, and C are satisfying the condition 2.1 of Theorem 2.1 with k 5/16 ∈ 0, 1/3 . Let Then in all the above cases, the mappings f, g, h, A, B, and C are satisfying the condition 2.1 of Theorem 2.1 with k 5/16 so that all the conditions of Theorem 2.1 are satisfied. Moreover, 7/8 is the unique common fixed point for all of the mappings f, g, h, A, B, and C.
In Theorem 2.1, if we take A B C I I is identity mapping, the same as below , then we have the following corollary.
